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OHSAWA-TAKEGOSHI EXTENSION THEOREM FOR COMPACT
KA¨HLER MANIFOLDS AND APPLICATIONS
JUNYAN CAO
Abstract. Our main goal in this article is to prove an extension theorem for
sections of the canonical bundle of a weakly pseudoconvex Ka¨hler manifold
with values in a line bundle endowed with a possibly singular metric. We also
give some applications of our result.
1. Introduction
The L2 extension theorem by Ohsawa-Takegoshi is a tool of fundamental im-
portance in algebraic and analytic geometry. After the crucial contribution of
[OT87, Ohs88], this result has been generalized by many authors in various contexts,
including [Man93], [Dem00], [Siu04], [Ber05], [Che11], [Yi12], [ZGZ12], [Blo13],
[GZ15a],[Dem15], [BL16].
In this article we treat yet another version of the extension theorem in the context
of Ka¨hler manifolds. We first state a consequence of our main result; we remark
that a version of it was conjectured by Y.-T. Siu in the framework of his work on
the invariance of plurigenera.
Theorem 1.1. Let (X,ω) be a Ka¨hler manifold and pr : X → ∆ be a proper
holomorphic map to the ball ∆ ⊂ C1 centered at 0 of radius R. Let (L, h) be a
holomorphic line bundle over X equipped with a hermitian metric (maybe singular)
h = h0e
−ϕL such that iΘh(L) ≥ 0 in the sense of currents, where h0 is a smooth
hermitian metric and ϕL is a quasi-psh function over X. We suppose that X0 :=
pr−1(0) is smooth of codimension 1, and that the restriction of h to X0 is not
identically ∞.
Let f ∈ H0(X0,KX0⊗L) be a holomorphic section in the multiplier ideal defined
by the restriction of h to X0. Then there exists a section F ∈ H
0(X,KX⊗L) whose
restriction to X0 is equal to f , and such that the following optimal estimate holds
(1)
1
πR2
∫
X
|F |2ω,hdVX,ω ≤
∫
X0
|f |2ω,hdVX0,ω.
We note that the volume form |F |2ω,hdVX,ω is independent of choice of the metric
ω, and dVX0,ω is the volume form on X0 induced by the metric ω|X0 .
If the manifold X is isomorphic to the product X0 ×∆ and if the line bundle L
is trivial, then it is clear how to construct F . If not, the existence of an extension
verifying the estimate above is quite subtle, and it has many important applications.
The result above is proved by combining the arguments in [Blo13], [GZ15a] and
[Yi12]. Comparing to [Blo13, GZ15a], the new input here is that we allow the
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metric h of L to be singular, while the ambient manifold is only assumed to be
Ka¨hler. This general context leads to rather severe difficulties, mainly due to the
loss of positivity in the process of regularizing the metric h which adds to the
intricate relationship between the several parameters involved in the proof. We use
here the arguments in [Yi12] to overcome the difficulties.
Before stating the main result of this paper in its most general form and ex-
plaining the main ideas in the proof, we note the following consequence of Theorem
1.1 by an idea of H. Tsuji. It is a generalization of [BP10, Thm 0.1] to arbitrary
compact Ka¨hler families, which follows from our main theorem and the arguments
in [GZ15a, Cor 3.7].
Theorem 1.2. Let p : X → Y be a fibration between two compact Ka¨hler manifolds.
Let L → X be a line bundle endowed with a metric (maybe singular) h = h0e
−ϕL
such that iΘh(L) ≥ 0 in the sense of currents, where h0 is a smooth hermitian
metric and ϕL is a quasi-psh function over X. Suppose that there exists a generic
point z ∈ Y and a section u ∈ H0(Xz,mKX/Y + L) such that∫
Xz
|u|
2
m
ω,hdVXz ,ω < +∞.
Then the line bundle mKX/Y + L admits a metric with positive curvature cur-
rent. Moreover, this metric equals to the fiberwise m-Bergman kernel metric on the
generic fibers of p.
We note that the original proof of the theorem above in the projective case does
not go through in the Ka¨hler case. This is due to the fact that in [BP10, Thm 0.1]
the authors are using in an essential manner the existence of Zariski dense open
subsets of X .
We will state next our general version of Theorem 1.1; prior to this, we introduce
some auxiliary weights, following [Blo13], [GZ15a].
Notations 1. Given δ > 0 and A ∈ R, let cA(t) be a positive smooth function on
(−A,+∞) such that
∫ +∞
−A cA(t)e
−tdt < +∞. Set
u(t) = − ln(
cA(−A)e
A
δ
+
∫ t
−A
cA(t1)e
−t1dt1),
and
s(t) =
∫ t
−A
e−u(t1)dt1 +
cA(−A)e
A
δ2
e−u(t)
.
Then u(t) and s(t) satisfy the ODE equations:
(2) (s(t) +
(s′(t))2
u′′(t)s(t) − s′′(t)
)eu(t)−t =
1
cA(t)
and
(3) s′(t)− s(t)u′(t) = 1.
We suppose moreover that
(4) e−u(t) ≥ cA(t)s(t) · e
−t for every t ∈ (−A,+∞).
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Remark 2. If cA(t)·e
−t is decreasing, then (4) is automatically satisfied. Moreover,
by the construction of u(t), s(t), we know that
(5) lim
t→+∞
u(t) = − ln(
cA(−A)e
A
δ
+
∫ +∞
−A
cA(t1)e
−t1dt1) < +∞
and
(6) |s(t)| ≤ C1|t|+ C2
for two constants C1, C2 independent of t.
In this set-up, by combining the arguments in [GZ15a] and [Yi12], we can prove
the main result of the present paper:
Theorem 1.3. Let (X,ω) be a weakly pseudoconvex n-dimensional Ka¨hler manifold
and E be a vector bundle of rank r endowed with a smooth metric hE. Let Z ⊂ X
be the zero locus of v ∈ H0(X,E). We assume that Z is smooth of codimension r
and |v|2rhE ≤ e
A for some A ∈ R. Set Ψ(z) := ln |v|2rhE .
Let L be a line bundle on X equipped with a singular metric h := h0 · e
−ϕ such
that iΘh(L) ≥ γ for some continuous (1, 1)-form γ, where h0 is a smooth metric
on L. We assume that there exists a sequence of analytic approximations {ϕk}
∞
k=1
of ϕ such that 1
(7) iΘh0·e−ϕk (L) ≥ γ −
ω
k
.
We suppose that there exists a continuous function a(t)on (−A,+∞], such that
0 < a(t) ≤ s(t) and
(8) a(−Ψ)(γ + id′d′′Ψ) + id′d′′Ψ ≥ 0.
Then for every f ∈ H0(Z,KX⊗L⊗I(ϕ|Z))
2, there exists a F ∈ H0(X,KX⊗L)
such that F |Z= f and
(9)
∫
X
cA(−Ψ)|F |
2
ω,hdVX,ω ≤ e
− lim
t→+∞
u(t)
∫
Z
|f |2ω,h
|Λr(dv)|2
dVZ,ω ,
where the weight |Λr(ds)|2 is defined as the unique function such that∫
Z
G
|Λr(dv)|2
dVZ,ω = lim
m→+∞
∫
−m−1≤ln |v|2rhE
≤−m
G
|v|2rhE
dVX,ω for every G ∈ C
∞(X).
Remark 3. As already pointed out in [GZ15a], by taking E = pr∗O∆, v = pr
∗ z,
A = lnR2, cA(t) ≡ 1 and letting δ → +∞, Theorem 1.3 implies Theorem 1.1.
We comment next a few results at the foundation of Theorem 1.3. The original
Ohsawa-Takegoshi extension theorem [OT87] deals with the local case, i.e. X is
a pseudoconvex domain in Cn. The potential applications of this type of results
in global complex geometry become apparent shortly after the article [OT87] ap-
peared, and to this end it was necessary to rephrase it in the context of manifolds.
As far as we are aware, the first global version is due to L. Manivel [Man93]. We
quote here a simplified version of his result.
1If X is compact, such approximation always exists, cf. [Dem12, Chapter 13]
2I(ϕ|Z) is the multiplier ideal sheaf on Z associated to the weight ϕ|Z
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Theorem 1.4. [Man93, Thm 2] Let X be a n-dimensional Stein manifold, and E
be a holomorphic vector bundle over X of rank r with a smooth metric hE. Let
Y ⊂ X be the zero locus of s ∈ H0(X,E). We assume that Y is smooth and of
codimension r. Let Ω be a (1, 1)-closed semi-positive form on X such that
Ω⊗ IdE ≥ iΘhE(E)
in the sense of Griffiths, i.e., Ω ⊗ IdE −iΘhE(E) is semipositive on the vectors
ξ ⊗ s ∈ TX ⊗ End(E) for every ξ ∈ TX and s ∈ End(E).
Let (L, h0) be a line bundle on X equipped with a smooth metric h0, such that
there exists a constant α > 0 satisfying
iΘh0(L) ≥ αΩ− rid
′d′′ ln |s|2hE .
Then for every f ∈ H0(Y,KY⊗L⊗(detE)
−1), there exists a section F ∈ H0(X,KX⊗
L) such that F |Y= f ∧ (∧
rds) and
(10)
∫
X
|F |2ω,h0
|s|2r−2hE (1 + |s|
2
hE
)β
dVX,ω ≤ C
∫
Y
|f |2ω,h0dVY,ω,
where C is a numerical constant depending only on r, α and β.
Remark 4. Theorem 1.4 can be easily generalized to the case when X is a weakly
pseudoconvex Ka¨hler manifold and the weight function |s|2r−2hE (1 + |s|
2
hE
)β can be
ameliorated by |s|2rhE (ln |s|hE )
2, cf. [Dem12, Thm 12.6].
One of the important limitations of Theorem 1.4 is that the metric h0 is assumed
to be smooth. Indeed this is unfortunate, given that in the usual set-up of algebraic
geometry one has to deal with extension problems for canonical forms with values
in pseudo-effective line bundles. A famous example is the invariance of plurigenera
for projective manifolds ([Siu04]): one needs an extension theorem under the hy-
pothesis that the metric h0 has arbitrary singularities. We remark that the proof of
the extension theorem used in the article mentioned above is confined to the case
of projective manifolds. Thus, in order to generalize [Siu04] to compact Ka¨hler
manifolds, the first step would be to allow the metric h0 in Theorem 1.4 to have
arbitrary singularities.
Among the very few results in this direction we mention the important work of
L. Yi. In order to keep the discussion simple, we restrict ourselves to the setup in
Theorem 1.1. Let I+(h) := lim
δ→0+
I(h1+δ). L. Yi [Yi12] established Theorem 1.1 3
for sections f which belong to the augmented multiplier ideal sheaf I+(h). Guan
and Zhou [GZ15b] (cf. also Hiep [Hie14]) showed that I+(h) = I(h). Thus, the
conjunction of these two results as well as the optimal extension [GZ15a] establish
Theorem 1.1. The proof of our main theorem is mainly based on the arguments in
[GZ15a] and [Yi12].
Remark 5. In the situation of Theorem 1.3, if we take the weight function cA(t) ≡
1, then we have Theorem 1.1. There is another weight function which might be
useful. If we take cA(t) =
et
(t+A+c)2 for some constant c > 0, thanks to Remark 2,
(4) is satisfied. Using this weight function, [GZ15a, Thm 3.16] proved an optimal
estimate version of Theorem 1.4 and its remark 4. Thanks to Theorem 1.3, we know
that [GZ15a, Thm 3.16] is also true for weakly pseudoconvex Ka¨hler manifolds under
the approximation assumption (7).
3[Yi12] proved it in a more general setting.
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2. Proof of Theorem 1.3
Proof of Theorem 1.3. The constants C1, C2, · · · below are all independent of k.
The proof follows closely [GZ15a] and [Yi12]. To begin with, we introduce several
notations. In the setting of Theorem 1.3, for every m ∈ R fixed, we can define a
C1-function bm on R such that
bm(t) = t for t ≥ −m and b
′′
m(t) = 1{−m−1≤t≤−m}.
Then
(11) bm(t) ≥ t and bm(t) ≥ −m− 1 for every t ∈ R
1.
Let s, u be the two functions defined in the introduction. Set χm(z) := −bm ◦ Ψ,
ηm(z) := s ◦ χm and φm(z) := u ◦ χm. Thanks to (5) and (6), we have
(12) |φm(z)| ≤ C1
and
(13) |ηm(z)| ≤ C2|χm(z)|+ C3 ≤ C2 ·min{2r| ln |v|hE |,m+ 1}+ C3.
Set λm(z) :=
(s′)2
u′′s−s′′ ◦ χm, hk := h0 · e
−ϕk and h˜m,k := hk · e
−Ψ−φm . By (2), we
have
(14) cA(χm) · e
−χm+φm = (ηm + λm)
−1.
The proof of the theorem is divided by three steps.
Step 1: Construction of smooth extension
We construct in this step a smooth section f˜ ∈ C∞(X,KX ⊗ L) extending f
such that (D′′f˜)(z) = 0 for every z ∈ Z and
(15)
∫
X
|D
′′
f˜ |2ω,h0
|v|2rhE (ln |v|hE )
2
· e−(1+σ)ϕdVX,ω ≤ C1 ·
∫
Z
|f |2ω,h
|Λr(dv)|2
dVZ,ω
for some constant σ > 0.
In fact, let (Ui) be a small Stein cover of X and let (χi) be a partition of unity
subordinate to (Ui). Thanks to [GZ15b], there exists a σ > 0, such that∫
Ui∩Z
|f |2ω,h0e
−(1+σ)ϕdVZ,ω ≤ 2
∫
Ui∩Z
|f |2ω,hdVZ,ω .
Applying the local Ohsawa-Takegoshi extension theorem (cf. for example [Dem12,
Thm 12.6]) to the weight e−(1+σ)ϕ on Ui, we obtain a holomorphic section fi on Ui
such that
(16)
∫
Ui
|fi|
2
ω,h0
|v|2rhE (ln |v|hE )
2
· e−(1+σ)ϕdVX,ω ≤ C2 ·
∫
Ui∩Z
|f |2ω,h
|Λr(dv)|2
dVZ,ω .
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Set f˜ :=
∑
i
χi · fi. Then
(D
′′
f˜)|Uj = D
′′
(
∑
i
χi · (fi − fj)) =
∑
i
(∂χi) · (fi − fj) on Uj .
Combining this with (16), (15) is proved. We have also (D
′′
f˜)(z) = 0 for every
z ∈ Z.
Step 2: L2 estimate
Set gm := D
′′
((1− b′m ◦Ψ) · f˜). We claim that
Claim: There exists a sequence {am}
+∞
m=1 ⊂ N tending to +∞, γm and βm such
that
(17) D
′′
γm + (
m
am
)
1
2βm = gm, lim
m→+∞
m
am
= 0,
and
(18) lim
m→+∞
(
∫
X
|γm|
2
ω,h˜m,am
ηm + λm
dVX,ω + C
∫
X
|βm|
2
ω,h˜m,am
dVX,ω)
≤ e
− lim
t→+∞
u(t)
·
∫
Z
|f |2ω,h
|Λr(dv)|2
dVZ,ω
for some uniform constant C > 0. The proof of the claim combines the estimates
in [GZ15a] and [Yi12]. We postpone the proof of the claim in Lemma 2.1 and first
finish the proof of the theorem.
We use (18) to estimate
∫
X cA(−bm ◦Ψ) · |γm|
2
ω,ham
dVX,ω . By (11) and (14), we
have
cA(−bm ◦Ψ) · e
Ψ+φm = cA(χm) · e
Ψ+φm ≤ (ηm + λm)
−1.
Therefore
(19)
∫
X
cA(−bm ◦Ψ) · |γm|
2
ω,ham
dVX,ω ≤
∫
X
|γm|
2
ω,h˜m,am
(ηm + λm)
dVX,ω .
Combining this with (18), we get
(20) lim
m→+∞
∫
X
cA(−bm ◦Ψ)|γm|
2
ω,ham
dVX,ω ≤ e
− lim
t→+∞
u(t)
·
∫
Z
|f |2ω,h0e
−ϕk
|Λr(dv)|2
dVZ,ω .
Thanks to (20), by passing to a subsequence, we can assume that the sequence
{γm − (1− b
′
m ◦Ψ)f˜}
+∞
k=1
converges weakly (in the weak L2-sense) to a section F ∈ L2(X,KX ⊗ L).
Step 3: Final conclusion
We first prove that F is holomorphic and satisfies (9). In fact, thanks to (12)
and (18), we have
(21)
∫
X
|βm|
2
ω,ham
e−ΨdVX,ω ≤ C3
for some uniform constant C3. Since
m
am
tends to 0, (17) and (21) imply that
D
′′
(γm − (1 − b
′
m ◦Ψ)f˜) tends to 0. Therefore F ∈ H
0(X,KX ⊗ L).
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As {ϕk}
+∞
k=1 is a decreasing sequence, for every k0 ∈ N fixed, we have
(22)
∫
X
cA(−bm ◦Ψ)|γm|
2
ω,hk0
dVω,X ≤
∫
X
cA(−bm ◦Ψ)|γm|
2
ω,hkdVω,X
for every k ≥ k0. Combining this with (20), we get
lim
m→+∞
∫
X
cA(−bm ◦Ψ)|γm|
2
ω,hk0
dVX,ω ≤ e
− lim
t→+∞
u(t)
·
∫
Z
|f |2ω,h0e
−ϕk
|Λr(dv)|2
dVZ,ω
Applying Fatou’s lemma to the above inequality, we obtain∫
X
cA(−Ψ)|F |
2
ω,hk0
dVω,X ≤ e
− lim
t→+∞
u(t)
∫
Z
|f |2ω,h
|Λr(dv)|2
dVZ,ω ,
and (9) is proved by letting k0 → +∞.
Let {Ui} be a Stein cover of X . To finish the proof of the theorem, it remains
to prove that F |Ui∩Z = f for every i. Since βm is ∂-closed, on the Stein open set
Ui, we can find a function wm such that ∂wm = βm and∫
Ui
|wm|
2
ω,ham
e−ΨdVX,ω ≤ C4
∫
Ui
|βm|
2
ω,ham
e−ΨdVX,ω ≤ C4 · C3.
for some uniform constant C4. Then
Fm := (1− b
′
m ◦Ψ) · f˜ − γm − (
m
am
)
1
2 · wm
is a holomorphic function on Ui and Fm ⇀ F on Ui. As Fm|Ui∩Z = f by construc-
tion, we know that F |Ui∩Z = f . The theorem is proved. 
We complete here the proof of Theorem 1.3 by establishing the claim in Step 2.
Lemma 2.1. The claim in Theorem 1.3 is true.
Proof. Step 1: Approximation
Since bm is not smooth, we construct first a smooth approximation of bm. Let
m, k be two fixed constants. Set
vǫ(t) :=
∫ t
−∞
∫ t1
−∞
1
1− 2ǫ
1{−m−1+ǫ<s<−m−ǫ} ∗ ρ ǫ4 dsdt1
−
∫ 0
−∞
∫ t1
−∞
1
1− 2ǫ
1{−m−1+ǫ<s<−m−ǫ} ∗ ρ ǫ4 dsdt1
where ρ ǫ
4
is the kernel of convolution satisfying supp(ρ ǫ
4
) ⊂ (− ǫ4 ,
ǫ
4 ). It is easy to
check that vǫ(t) is a smooth approximation of bm(t). Set
ηǫ := s(−vǫ ◦Ψ), φǫ := u(−vǫ ◦Ψ), h˜ǫ := hk · e
−Ψ−φǫ
and
Bǫ := [ηǫiΘh˜m,k − i∂∂ηǫ − i(λǫ)
−1∂ηǫ ∧ ∂ηǫ,Λω],
where Λω is the contraction with respect to ω. Then ηǫ, φǫ, Bǫ tend to ηm, φm, Bm,k.
Step 2: L2 estimate
By using the estimates in [GZ15a, page 1180], we know that
(23) Bm,k := [ηm(iΘh˜m,k(L))− id
′d′′ηm − λ
−1
m id
′ηm ∧ d
′′ηm,Λω]
satisfies
Bm,k ≥ (b
′′
m ◦Ψ) · [∂Ψ ∧ ∂Ψ,Λω]−
ηm
k
Id .
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Combining this with (13), we have
Bm,k ≥ (b
′′
m ◦Ψ) · [∂Ψ ∧ ∂Ψ,Λω]−
C ·m
k
Id .
for some uniform constant C. Therefore, for every form α ∈ C∞c (X,∧
n,1T ∗X ⊗ L),
we have 4
(24) ‖(ηǫ + λǫ)
1
2 (D′′)∗α‖2
h˜k
+ ‖(ηǫ)
1
2D′′α‖2
h˜k
≥ 〈Bǫα, α〉h˜k .
and
(25) 〈(Bǫ +
C ·m
k
Id)α, α〉h˜ǫ ≥ (v
′′
ǫ ◦Ψ)〈[∂Ψ ∧ ∂Ψ,Λω]α, α〉h˜ǫ
By applying a standard L2-estimate (cf. appendix), we can find γǫ and βǫ such
that
(26) D
′′
γǫ + (
m
k
)
1
2βǫ = gm
and
(27)
∫
X
|γǫ|
2
ω,h˜ǫ
ηǫ + λǫ
dVX,ω +
1
2C
∫
X
|βǫ|
2
ω,h˜ǫ
dVX,ω
≤
∫
X
〈(Bǫ +
2C ·m
k
)−1gm, gm〉ω,h˜m,kdVX,ω .
By letting ǫ→ 0, we can find γm,k and βm,k, such that
(28) D
′′
γm,k + (
m
k
)
1
2βm,k = gm
and
(29)
∫
X
|γm,k|
2
ω,h˜m,k
ηm + λm
dVX,ω +
1
2C
∫
X
|βm,k|
2
ω,h˜m,k
dVX,ω
≤
∫
X
〈(Bm,k +
2C ·m
k
)−1gm, gm〉ω,h˜m,kdVX,ω .
Step 3: Final conclusion
We first estimate the right hand side of (29). By the construction of gm and
(25), we have
(30)
∫
X
〈(Bm,k +
2C ·m
k
)−1gm, gm〉ω,h˜m,kdVX,ω
≤
∫
X
(b′′m ◦Ψ) · |f˜ |
2
ω,h˜m,k
dVω +
C · k
m
∫
X
(1− b′m ◦Ψ)|D
′′f˜ |2
ω,h˜m,k
dVX,ω .
Since (1 − b′m ◦Ψ)(z) = 0 on {Ψ ≥ −m}, we have∫
X
(1 − b′m ◦Ψ)|D
′′f˜ |2
ω,h˜m,k
dVX,ω ≤
∫
{Ψ≤−m}
|D′′f˜ |2
ω,h˜m,k
dVX,ω .
We use the following key estimate [Yi12, Lemma 3.1]: by Ho¨lder inequality, we
have
(31)
∫
{Ψ≤−m}
|D′′f˜ |2ω,h
|v|2rhE
dVX,ω
4We refer to [GZ15a, 5.1] for a detailed calculus.
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≤ (
∫
{Ψ≤−m}
|D′′f˜ |2ω,h0e
−(1+σ)ϕ
|v|2rhE (ln |v|hE )
2
dVX,ω)
1
1+σ ·(
∫
{Ψ≤−m}
|D′′f˜ |2ω,h0(ln |v|hE )
2
σ
|v|2rhE
dVX,ω)
σ
1+σ .
As D′′f˜ = 0 on Z by construction, we have
lim
m→+∞
∫
{Ψ≤−m}
|D′′f˜ |2ω,h0(ln |v|hE )
2
σ
|v|2rhE
dVX,ω = 0.
Combining this with (31) and (15), we obtain
lim
m→+∞
∫
{Ψ≤−m}
|D′′f˜ |2ω,h
|v|2rhE
dVX,ω = 0.
As a consequence, we can find a sequence am → +∞ such that
(32) lim
m→+∞
m
am
= 0 and lim
m→+∞
am
m
∫
{Ψ≤−m}
|D′′f˜ |2
ω,h˜m,am
dVX,ω = 0.
Applying (32) to (30), we obtain
(33) lim
m→+∞
∫
X
〈(Bm,am +
2C ·m
am
)−1gm, gm〉ω,h˜m,am
dVX,ω
≤ lim
m→+∞
∫
X
(b′′m ◦Ψ) · |f˜ |
2
ω,h˜m,k
dVX,ω ≤ e
− lim
t→+∞
u(t)
·
∫
Z
|f |2ω,h
|Λr(dv)|2
dVZ,ω .
Finally, we take γm = γm,am and βm = βm,am in (28). Then (29) and (33) imply
lim
m→+∞
(
∫
X
|γm|
2
ω,h˜m,am
(ηm + λm)
−1dVX,ω +
1
2C
∫
X
|βm|
2
ω,h˜m,am
dVX,ω)
≤ e
− lim
t→+∞
u(t)
·
∫
Z
|f |2ω,h
|Λr(dv)|2
dVZ,ω .
The lemma is proved. 
3. Applications
3.1. Some direct applications. As pointed out in Remark 3 in the introduction,
Theorem 1.3 implies that
Corollary 3.1. Let (X,ω) be a Ka¨hler manifold with a proper map pr : X → ∆
to a ball ∆ ⊂ C1 centered at 0 of radius R. Let (L, h) be a holomorphic line bundle
over X equipped with a hermitian metric (maybe singular) h such that iΘh(L) ≥ 0.
Suppose that X0 := pr
−1(0) is a smooth subvariety of codimension 1. Let f ∈
H0(X0,KX0 + L). Then there exists a section F ∈ H
0(X,KX + L) such that
(34)
1
πR2
∫
X
|F |2ω,hdVX,ω ≤
∫
X0
|f |2ω,hdVX0,ω
and F |X0 = pr
∗(dt) ∧ f , where t is the standard coordinate of C1.
By the same arguments as in [BP10, A.1], Corollary 3.1 implies the following
result:
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Corollary 3.2. Let (X,ω) be a Ka¨hler manifold and pr : X → ∆ be a proper
map to the ball ∆ ⊂ C1 centered at 0 of radius R. Let L be a holomorphic line
bundle over X equipped with a hermitian metric (maybe singular) h = h0 ·e
−ϕ such
that iΘh(L) ≥ 0 in the sense of current, where h0 is a smooth metric and ϕ is a
quasi-psh function on X. Suppose that X0 := pr
−1(0) is smooth of codimension 1.
Let f ∈ H0(X0,mKX0 ⊗ L). We suppose that∫
X0
|f |
2
m
ω,hdVX0,ω < +∞
and there exists a F ∈ H0(X,mKX ⊗ L) such that
F |X0 = f ⊗ pr
∗(dt⊗m) and
∫
X
|F |
2
m
ω,hdVX,ω < +∞,
where t is the standard coordinate of C1. Then there exists a F˜ ∈ H0(X,mKX⊗L)
such that
(35) F˜ |X0 = f ⊗ pr
∗(dt⊗m) and
1
πR2
∫
X
|F˜ |
2
m
ω,hdVX,ω ≤
∫
X0
|f |
2
m
ω,hdVX0,ω.
Proof. The proof given here follows closely [BP10, A.1]. Set
C1 :=
∫
X0
|f |
2
m
ω,hdVX0,ω and C2 :=
1
πR2
∫
X
|F |
2
m
ω,hdVX,ω .
If C2 ≤ C1, then F satisfies (35) and the corollary is proved. If C1 < C2, since F
is holomorphic, we can apply Corollary 3.1 with weight
ϕ1 :=
m− 1
m
ln |F |2ω,h0 +
1
m
ϕ
on the line bundle (m− 1)KX ⊗ L, and obtain a new extension F1 of f satisfying
(36)
1
πR2
∫
X
|F1|
2
ω,h
|F |
2(m−1)
m
ω,h
dVX,ω ≤
∫
X0
|f |2ω,h
|f |
2(m−1)
m
ω,h
dVX0,ω =
∫
X0
|f |
2
m
ω,hdVX0,ω.
By Ho¨lder’s inequality, we have
1
πR2
∫
X
|F1|
2
m
ω,hdVX,ω ≤ (
1
πR2
∫
X
|F |
2
m
ω,hdVX,ω)
1− 1m · (
1
πR2
∫
X
|F1|
2
ω,h
|F |
2(m−1)
m
ω,h
dVX,ω)
1
m .
Combining with (36), we have
(37)
1
πR2
∫
X
|F1|
2
m
ω,hdVX,ω ≤ (C2)
1− 1m (C1)
1
m .
We can repeat the same argument with F replaced by F1, etc. We obtain thus a
sequence {Fi}
+∞
i=1 ⊂ H
0(X,mKX ⊗ L), and
(38)
1
πR2
∫
X
|Fi|
2
m
ω,hdVX,ω ≤ (
1
πR2
∫
X
|Fi−1|
2
m
ω,hdVX,ω) · (C1)
1
m
If there exists an i ∈ N such that Fi satisfies (35), then Corollary (3.2) is proved.
If not, thanks to (38), we have
(39)
1
πR2
∫
X
|Fi|
2
m
ω,hdVX,ω ց C1.
OHSAWA-TAKEGOSHI EXTENSION THEOREM 11
By passing to a subsequence, Fi tends to a section F˜ ∈ H
0(X,mKX ⊗ L), and
F˜ |Z= f . By Fatou lemma, (39) implies that
1
πR2
∫
X
|F˜ |
2
m
ω,hdVX,ω ≤ C1.
Corollary 3.2 is proved. 
3.2. Positivity of m-relative Bergman Kernel metric. We first recall the
definition of m-relative Bergman Kernel metric (cf. [BP10, A.2], [BP08], [Kaw85],
[Tsu07]). Let p : X → Y be a surjective map between two smooth manifolds
and let (L, hL) be a line bundle on X equipped with a hermitian metric hL. Let
x ∈ X be a point on a smooth fiber of p. We first define a hermitian metric h on
−(mKX/Y + L)x by
(40) ‖ξ‖2h := sup
|ξ(τ(x))|2
(
∫
Xp(x)
|τ |
2
m
ω,hL
dVXp(x),ω)
m
,
where the ”sup” is taken over all sections τ ∈ H0(Xp(x),mKX/Y + L). The m-
relative Bergman Kernel metric h
(m)
X/Y on mKX/Y + L is defined to be the dual of
h.
Although the construction of the metric h
(m)
X/Y is fiberwise and only defined on
the smooth fibers, by using the positivity of direct image arguments, [BP10, Thm
0.1] proved that:
Theorem 3.3. [BP10, Thm 0.1] Let p : X → Y be a fibration between two projective
manifolds, and let ω be a Ka¨hler metric on X. Let L→ X be a line bundle endowed
with a metric (maybe singular) h such that iΘh(L) ≥ 0. Suppose that there exists
a generic point z ∈ Y and a section u ∈ H0(Xz,mKX/Y + L) such that∫
Xz
|u|
2
m
ω,hdVXz ,ω < +∞.
Then the line bundle mKX/Y +L admits a metric with positive curvature current.
Moreover, this metric equals to the fiberwise m-Bergman kernel metric (with respect
to h ) on the generic fibers of p.
An alternative proof of Theorem 3.3 is given by using the optimal extension
proved in [GZ15a, Thm 2.1, Cor 3.7]. We should remark that, if ϕL has arbitrary
singularity, the proof of in [BP10, Thm 0.1] uses the existence of ample line on
X . Therefore the assumption that p is a projective map is essential in the proof
of Theorem 3.3 in [BP10, Thm 0.1]. However, as pointed out by M. Pa˘un, since
the optimal extension proved in Corollary 3.2 is without projectivity assumption,
we can use Corollary 3.2 to generalize Theorem 3.3 to arbitrary compact Ka¨hler
fibrations, by using the same arguments in [GZ15a, Cor 3.7]. For the reader’s
convenience, we give the proof of this generalization in this subsection.
To begin with, we first prove the following lemma, which uses the recent impor-
tant result [GZ15b].
Lemma 3.4. Let ϕ be a psh function on a Stein open set U . Set:
Im(ϕ)x := {f ∈ Ox|
∫
Ux
|f |
2
m e−
ϕ
m < +∞}.
Then Im(ϕ) is a coherent sheaf.
12 JUNYAN CAO
Proof. We first prove the lemma under the assumption that ϕ has analytic singu-
larities. In this case, Let π : U˜ → U be a resolution of singularities of ϕ, i.e., ϕ ◦ π
can be written locally as
ϕ ◦ π =
∑
i
ai ln(|si|) +O(1),
where si are holomorphic functions on U˜ and
⋃
i
Div(si) is normal crossing. We
suppose that KU˜ = KX +
∑
i
bi · Ei and
∑
i
ai · Div(si) =
∑
i
ci · Ei. Let ki be the
minimal number in Z+ such that ki ·
2
m >
ci
m − 2bi − 2. It is easy to check that
Im(ϕ) = π∗(O(−
∑
i
ki · Ei)). Therefore Im(ϕ) is a coherent sheaf.
We now prove the lemma for arbitrary psh functions. Thanks to [Dem12, 15.B],
we can find a sequence of quasi-psh ϕk with analytic singularities and a sequence
δk → 0
+, such that
(i): ϕk decrease to ϕ.
(ii):
∫
{ ϕm<
(1+δk)ϕk
m +ak}
e−
ϕ
m < +∞ (cf. [Dem12, proof of Thm 15.3, Step 2]) for
certain constant ak.
As a consequence, we have Im((1 + δk)ϕk) ⊂ Im(ϕ). Since we proved that
Im((1 + δk)ϕk)
are coherent, by the Noetherien property of coherent sheaf,
+∞⋃
k=1
Im((1 + δk)ϕk) is
also coherent and
+∞⋃
k=1
Im((1 + δk)ϕk) ⊂ Im(ϕ).
To prove the lemma, it is sufficient to prove that for every f ∈ Im(ϕ), we can find
a k ∈ N, such that f ∈ Im((1 + δk)ϕk).
Let f be a holomorphic germ of (Im(ϕ))x. Then∫
Ux
|f |2e−
ϕ
m−
2(m−1) ln |f|
m < +∞,
for some neighborhood Ux of x. By [GZ15b], there exists some δ > 0, such that∫
Ux
|f |2e−
(1+δ)ϕ
m −
2(1+δ)(m−1) ln |f|
m < +∞.
Replacing Ux by a smaller neighborhood U
′
x of x, we have
(41)
∫
U ′x
|f |
2
m e−
(1+δ)ϕ
m < +∞.
We take a k ∈ N, such that δk < δ. Thanks to (i) and (41), we have∫
U ′x
|f |
2
m e−
(1+δk)ϕk
m < +∞.
Therefore f ∈ Im((1 + δk)ϕk) and the lemma is proved. 
We now generalize [BP10, Thm 0.1] to arbitrary proper Ka¨hler fibrations. The
proof is almost the same as [GZ15a, Cor 3.7].
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Theorem 3.5. Let p : X → Y be a proper fibration between two Ka¨hler manifolds
and let ω be a Ka¨hler metric on X. Let L → X be a line bundle endowed with a
metric (maybe singular) h = h0 · e
−ϕ such that iΘh(L) ≥ 0 in the sense of current,
where h0 is a smooth metric and ϕ is a quasi-psh function on X.
Suppose that there exists a generic point z ∈ Y and a u ∈ H0(Xz, (KX/Y )
m⊗L)
such that ∫
Xz
|u|
2
m
ω,hdVXz ,ω < +∞ and u 6≡ 0.
Then the line bundle (KX/Y )
m⊗L admits a metric with positive curvature current.
Moreover, this metric equals to the fiberwise m-Bergman kernel metric (with respect
to h ) on the generic fibers of p.
Proof. By Lemma 3.4, p∗((KX/Y )
m ⊗ L ⊗ Im(ϕ)) is coherent. Using [Fle81] (cf.
also [BDIP02, Thm 10.7, page 47]), there exists a subvariety Z of Y of codimension
at least 1 such that p is smooth on Y \ Z and for every point t ∈ Y \ Z, we have
dimH0(Xt, (KX/Y )
m ⊗ L⊗ Im(ϕ)|Xt) = rankp∗((KX/Y )
m ⊗ L⊗ Im(ϕ)),
where Im(ϕ)|Xt is the restriction of the coherent sheaf Im(ϕ) on Xt. By local
extension theorem, we know that Im(ϕ|Xt) ⊂ Im(ϕ)|Xt . As a consequence, for
every Stein neighborhood U of t ∈ Y \ Z, the fibration p : p−1(U) → U and the
point t satisfy the conditions in Corollary 3.2.
Let h(m) be the fiberwise m-Bergman kernel metric on p−1(Y \ Z)→ Y \ Z (cf.
construction in the beginning of this subsection). For every x ∈ p−1(Y \Z), we now
estimate the curvature of h(m) near x. Let e be a local coordinate of (KX/Y )
m⊗L
near x. Let
(42) B(z) := sup
|u0(z)|2
(
∫
Xp(z)
|u|
2
m
ω,hdVXp(z),ω)
m
,
where u = u0 · e and the ”sup” is taken over all sections u ∈ H0(Xp(z), (KX/Y )
m ⊗
L⊗Im(ϕ)). Thanks to (40), to prove that the curvature of h
(m) is positive near x,
it is sufficient to prove that lnB(z) is psh near x.
For every fixed point z near x, we can find a section u1 ∈ H
0(Xp(z), (KX/Y )
m⊗
L⊗ Im(ϕ)) such that
B(z) =
|u01(z)|
2
(
∫
Xp(z)
|u1|
2
m
ω,hdVXp(z),ω)
m
.
Let ∆r be a one dimensional radius r disc in Y centered at p(z), and ∆
′
r be a one
dimensional disc in X passing through z and p(∆′r) = ∆r. Thanks to Proposition
3.2, there exists an extension of u1: U1 ∈ H
0(p−1(∆r), (KX)
m ⊗ L⊗ Im(ϕ)), such
that
(43)
1
πr2
∫
p−1(∆r)
|U1|
2
m
ω,hdVX,ω ≤
∫
Xp(z)
|u1|
2
m
ω,hdVXp(z),ω.
Set u˜1 := U1/(dt)
m ∈ H0(p−1(∆r), (KX/Y )
m ⊗ L ⊗ Im(ϕ)) and u˜
0
1 :=
u˜1
e , where t
is coordinate of ∆r. By the definition of B(z), we have
1
πr2
∫
∆′r
lnB(x)p∗(d′t∧d′′t) ≥
1
πr2
∫
∆′r
ln
|u˜01(x)|
2
(
∫
Xp(x)
|u˜1(x)|
2
m
ω,hdVXp(z),ω)
m
p∗(d′t∧d′′t)
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≥
1
πr2
∫
∆′r
ln |u˜01|
2p∗(d′t ∧ d′′t)−
m
πr2
ln
∫
p−1(∆r)
|U1|
2
m
ω,hdVX,ω .
Combining this with (43) and the holomorphicity of u˜01, we obtain
1
πr2
∫
∆′r
lnB(x)p∗(d′t ∧ d′′t) ≥ lnB(z).
Therefore, lnB(x) is psh in the horizontal direction. By the convexity of ln |u0(x)|
and the construction of lnB(x), lnB(x) is also psh in the fiberwise direction. There-
fore lnB(x) is psh on p−1(Y \ Z) and the curvature of h(m) is semi-positive on
p−1(Y \ Z) (in the sense of currents).
Using the arguments in [BP10, A.2], we now prove that h(m) can be extended
to the whole X . We first express h(m) locally as the potential form e−ϕX/Y , where
ϕX/Y is a quasi-psh function outside the subvariety p
−1(Z). By the standard results
in pluripotential theory, to prove that h(m) can be extended to X , it is sufficient to
prove the existence of a uniform constant C such that
(44) ϕX/Y ≤ C on X \ p
−1(Z).
Let U be a small open set inX . Let B be the function on U \p−1(Z) defined by (42).
Thanks to (40), to prove (44), it is equivalent to prove that B is uniformly bounded
on U \p−1(Z). For every z ∈ U \p−1(Z), we can find a u2 ∈ H
0(Xp(z), (KX/Y )
m⊗
L⊗ Im(ϕ)) such that
B(z) = |u02(z)|
2 and
∫
Xp(z)
|u2|
2
m
ω,hdVXp(z),ω = 1,
where u02 :=
u2
e . Using Proposition 3.2, we can find an extension u˜2 of u2, such
that ∫
p−1(p(U))
|u˜2|
2
m
ω,hdVX,ω ≤ CU ,
where the constant CU depends only on U . By mean value inequality, we know
that |u02(z)| is controlled by a constant depending only on CU . The theorem is thus
proved.

4. Appendix
For the reader’s convenience, we give the proof of (26) and (27), which is a rather
standard estimate (cf. [Dem12, Prop. 12.4, Remark 12.5], [DP03] or [Yi12]).
Set g := gm, η := ηǫ, B := Bǫ,k and δ := δk for simplicity. Let Yk be a subvariety
of X such that ϕk is smooth outside Yk. Then there exists a complete Ka¨hler metric
ω1 on X \ Yk. Set ωs := ω + sω1. Then ωs is also a complete Ka¨hler metric on
X \ Yk for every s > 0.
We apply the twist L2-estimate (cf. [Dem12, 12.A, 12.B]) for the line bundle
(L, h˜k) on (X \ Yk, ωs). Thanks to (24) and [GZ15a, Lemma 4.1], for every smooth
(n, 1)-form v with compact support, we have
(45) |〈g, v〉ωs |
2
≤ (
∫
X\Yk
〈(B+
2C ·m
k
)−1g, g〉dVωs) · (‖(η+λ)
1
2D′′∗v‖2ωs+
2C ·m
k
∫
X\Yk
〈v, v〉dVωs)
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Set H1 := ‖ · ‖L2, where the L
2-norm ‖ · ‖L2 is defined with respect to the metrics
ωs and (L, h˜k). Let H2 be a Hilbert space where the norm is defined by
‖f‖2H2 :=
2C ·m
k
∫
X\Yk
|f |2
h˜k
dVωs .
By (45) and the Hahn-Banach theorem, we can construct a continuous linear map
(cf. for example [Dem12, 5.A])
H1 ⊕H2 → C,
which is an extension of the application
((η + λ)
1
2D′′∗v, v)→ 〈g, v〉ωs .
Therefore, there exist f and h such that
〈g, v〉ωs = 〈f, (η + λ)
1
2D′′∗v〉ωs +
2C ·m
k
〈h, v〉ωs
and
‖f‖2ωs +
2C ·m
k
‖h‖2ωs ≤
∫
X
(〈B +
2C ·m
k
)−1g, g〉dVωs
Let β := 2C(mk )
1
2 · h and γ := (η + λ)
1
2 f . Then
g = D′′γ + (
m
k
)
1
2β
and
‖
γ
(λ+ η)
1
2
‖2(X\Yk,ωs) +
1
2C
‖β‖2(X\Yk,ωs) ≤
∫
X\Yk
〈(B +
2C ·m
k
)−1g, g〉dVωs
Then (26) and (27) are proved by letting s→ 0+.
References
[BDIP02] Bertin, Jose´ and Demailly, Jean-Pierre and Illusie, Luc and Peters, Chris: Introduction
to Hodge theory SMF/AMS Texts and Monographs 8
[Ber05] Berndtsson, Bo: Integral formulas and the Ohsawa-Takegoshi extension theorem Sci.
China Ser. A, 48 suppl., 61-73, 2005
[BL16] Berndtsson, Bo and Lempert, La´szlo´: A proof of the Ohsawa–Takegoshi theorem with
sharp estimates J. Math. Soc. Japan Volume 68, Number 4 (2016), 1461-1472.
[BP08] Berndtsson, Bo and Pa˘un, Mihai: Bergman kernels and the pseudoeffectivity of relative
canonical bundles Duke Math. J. 145 (2): 341–378, 2008
[BP10] Berndtsson, Bo and Pa˘un, Mihai: Bergman kernels and subadjunction arXiv: 1002.4145v1
[Blo13] B locki, Zbigniew: Suita conjecture and the Ohsawa-Takegoshi extension theorem, Invent.
Math. 193 (1): 149–158, 2013
[Che11] Chen, Bo-Yong: A simple proof of the Ohsawa-Takegoshi extension theorem, ArXiv e-
prints 1105.2430
[Dem00] Demailly, Jean-Pierre: Multiplier ideal sheaves and analytic methods in algebraic geom-
etry, School on Vanishing Theorems and Effective Results in Algebraic Geometry (Trieste,
2000), ICTP Lect. Notes 6, 1–148
[Dem12] Demailly, Jean-Pierre: Analytic methods in algebraic geometry, Surveys of Modern
Mathematics 1, International Press, 2012
[Dem15] Demailly, Jean-Pierre: Extension of holomorphic functions defined on non reduced an-
alytic subvarieties, arXiv:1510.05230v1, Advanced Lectures in Mathematics Volume 35.1,
the legacy of Bernhard Riemann after one hundred and fifty years, 2015.
[DP03] Demailly, Jean-Pierre and Peternell, Thomas: A Kawamata-Viehweg vanishing theorem
on compact Ka¨hler manifolds Journal of Differential Geometry, 63 (2), 2003, 231–277
[Fle81] Flenner, Hubert: Ein Kriterium fu¨r die Offenheit der Versalita¨t, Math. Z., 178 (4), 1981,
449–473
16 JUNYAN CAO
[GZ15a] Guan, Qi’an and Zhou, Xiangyu: A solution of L2 extension problem with optimal
estimate and applications Annals. math, 181 (3), 2015, 1139-1208 arXiv:1310.7169
[GZ15b] Guan, Qi’an and Zhou, Xiangyu: A proof of Demailly’s strong openness conjecture
Annals. math.182 (2), 2015, 605-616
[Hie14] Hieˆp, Pham Hoa`ng: The weighted log canonical threshold Comptes Rendus Mathematique.
352 (4), 2014, 283–288
[Kaw85] Kawamata, Yujiro: Pluricanonical systems on minimal algebraic varieties Invent. Math.
79 (3), 1985, 567–588
[Man93] Manivel, Laurent: Un the´ore`me de prolongement L2 de sections holomorphes d’un fibre´
hermitien Math. Z., 212 (1), 1993, 107–122
[Ohs88] Ohsawa, Takeo: On the extension of L2 holomorphic functions. II, Publ. Res. Inst. Math.
Sci., 24 (2), 1988, 265–275
[OT87] Ohsawa, Takeo and Takegoshi, Kensho: On the extension of L2 holomorphic functions,
Math. Z. 195 (2), 1987, 197–204
[Siu04] Siu, Yum-Tong: Extension of twisted pluricanonical sections with plurisubharmonic weight
and invariance of semipositively twisted plurigenera for manifolds not necessarily of general
type. Complex Geometry: Collection of Papers Dedicated to Hans Grauert, 2002, 223–277
[Tsu07] Tsuji, Hajime: Extension of log pluricanonical forms from subvarieties arXiv 0709.2710
[Yi12] Yi, Li: An Ohsawa-Takegoshi theorem on compact Ka¨hler manifolds Science China Math-
ematics 57 (1), 2014, 9–30
[ZGZ12] Zhu, Langfeng and Guan, Qi’an and Zhou, Xiangyu: On the Ohsawa–Takegoshi L2
extension theorem and the Bochner–Kodaira identity with non-smooth twist factor J. Math.
Pures Appl. 97 (6), 2012, 579–601
Junyan Cao, Universite´ Paris 6, Case 247, Institut de Mathe´matiques de Jussieu,
Analyse complexe et ge´ome´trie, 4, Place Jussieu, France
E-mail address: junyan.cao@imj-prg.fr
